Experimental results for the conditional statistics, such as the velocity conditioned on a conserved scalar and the scalar conditioned on velocity, in a confined liquid-phase rectangular jet are presented and analyzed for a data set collected using simultaneous particle image velocimetry and planar laser-induced fluorescence. The joint velocity-scalar probability density function (PDF) is not joint Gaussian in this flow, as the PDF of the conserved scalar is accurately described by a beta-PDF. The conditional mean velocity is found to agree with a linear model when the scalar is close to its local mean value. A gradient PDF model is found to give poor predictions for the streamwise conditional velocity. However, the improved gradient PDF model predicts both the streamwise and transverse conditional velocities well. A linear model for the scalar fluctuation conditioned on velocity is also tested against the experimental data, showing that this model only obtains good approximations when the joint velocity-scalar PDF approaches a joint Gaussian at farther downstream locations in this flow. Experimental results for the conditional statistics, such as the velocity conditioned on a conserved scalar and the scalar conditioned on velocity, in a confined liquid-phase rectangular jet are presented and analyzed for a data set collected using simultaneous particle image velocimetry and planar laser-induced fluorescence. The joint velocity-scalar probability density function ͑PDF͒ is not joint Gaussian in this flow, as the PDF of the conserved scalar is accurately described by a beta-PDF. The conditional mean velocity is found to agree with a linear model when the scalar is close to its local mean value. A gradient PDF model is found to give poor predictions for the streamwise conditional velocity. However, the improved gradient PDF model predicts both the streamwise and transverse conditional velocities well. A linear model for the scalar fluctuation conditioned on velocity is also tested against the experimental data, showing that this model only obtains good approximations when the joint velocity-scalar PDF approaches a joint Gaussian at farther downstream locations in this flow.
I. INTRODUCTION
Scalar mixing in turbulent nonpremixed flows is one of the most active areas of research in fluid mechanics, and is encountered in many processes in industry and the environment. In recent years, the conditional moment closure ͑CMC͒ introduced by Klimenko 1 and Bilger 2 has been a fundamental model for describing turbulent reactive flows. The advantages of the CMC method are that the dependence on Reynolds averages and fluctuations is strongly reduced and the reaction can be more easily modeled than in the conventional Reynolds averaged moment methods. 3 However, the CMC method brings up a number of additional unknown terms such as the conditional mean velocity, the conditional scalar dissipation, and the conditional scalar diffusion, and these conditionally averaged terms have to be modeled.
There are a few models [4] [5] [6] available to predict the conditional scalar dissipation and the conditional scalar diffusion, and a large body of experimental data [7] [8] [9] [10] exists for these quantities as well. However, the conditional velocity has received little attention. One popular model for the mean velocity conditioned on the scalar in the CMC community has been the linear model, written as 3, 11 
where is the conserved scalar, is the sample space variable for , U is the instantaneous velocity vector, u is the fluctuating velocity, ͗U͘ is the unconditional mean velocity, ͗U ͉ ͘ = ͗U ͉ = ͘ is the mean velocity conditioned on = , ͗uЈ͘ are the scalar fluxes, ͗Ј 2 ͘ is the scalar variance, and ͗͘ is the mean conserved scalar. This model uses the assumption that the joint probability density function ͑PDF͒ between the velocity and the conserved scalar is Gaussian. 11 Tavoularis and Corrsin 12 confirmed this assumption in their experimental investigation of homogeneous turbulent shear flow with a uniform mean scalar gradient. However, Sreenivasan and Antonia 13 and Bilger et al. 14 found that for inhomogeneous turbulent flows the joint PDF between the velocity and the conserved scalar is generally not Gaussian. Li and Bilger 11 compared their experimental data with the conditional mean transverse velocity predicted by the linear model, and found that the linear model produces large errors when ͉ − ͉͗͘ is large.
Another existing model for the velocity conditioned on the scalar is the PDF gradient model proposed by Pope, 15 written as
where D T is the turbulent diffusivity, x is the spatial coordinate vector, and P is the PDF of the conserved scalar. Mortensen 3 claimed that this model is the only model conserving the unconditional reactive scalar when used in moment methods. Obviously, both the accuracy of the PDF of the conserved scalar and the use of different presumed PDF shapes significantly affect the results from the PDF gradient model. Girimaji 16 compared the beta-PDF with two-scalar mixing data from DNS and concluded that the beta-PDF captures all of the important features of the transition PDFs. Kim 17 also found that the beta-PDF is more accurate than the clipped Gaussian PDF for both homogeneous and inhomogeneous cases. Moreover, Eswaran and Pope 18 summarized their DNS results and claimed that the scalar PDF evolves a͒ Author to whom correspondence should be addressed. Electronic mail: mgolsen@iastate.edu toward the familiar bell-shaped curve, which is indeed Gaussian.
From dimensional analysis of their experimental data, Li and Bilger 11 derived a model for the conditional mean transverse velocity in a scalar mixing layer,
where y is the location of interest, and y is the location where the local mean mixture fraction is equal to . ␦ is defined as the distance from where the mean mixture fraction is 0.1 to where it is 0.9. ␣ was found to be a constant of 2.6 in Li and Bilger, 11 and was the same across and along the mixing layer. A smaller value ␣ = 1.3 was chosen in de Bruyn Kops and Mortensen, 19 but they defined ␦ as the length from the center of the mixing layer to the point where the mean mixture fraction is 0.92.
Although there is a large body of literature on turbulent shear flows, conditional statistics of experimental data are scarce, despite their necessity for understanding turbulent flows and validating numerical models. In this paper, we present the conditional statistics of the experimental data at various locations in a liquid-phase turbulent confined rectangular jet. The remainder of the paper is organized as follows. Section II describes the experimental details and conditions. In Sec. III, results of the conditional mean velocities and the conditional mean scalar in the flow are discussed. Models for the conditional velocity and the conditional scalar are also tested against the experimental data. A summary of results and conclusions is given in Sec. IV.
II. EXPERIMENTAL DETAILS AND CONDITIONS
The statistics for turbulent passive-scalar mixing are derived from measurements in a confined rectangular jet. Since the experimental rectangular jet apparatus used in the experiments has been described in detail previously, 20 only a description of the experimental methodology pertinent to the present investigation is given here. As Fig. 1 shows, the Plexiglas test section is 1 m in length and has a rectangular cross section measuring 60 by 100 mm. The width of each of the three inlet channels is 20 mm. The coordinate system used in the present study is such that x is the streamwise direction and y is the transverse direction. The origin is designated at the center point between the tips of the splitter plates. For the present study, the volumetric flow rates of each of the inlet channels were 1.0, 2.0, and 1.0 l / s, corresponding to free stream velocities of 0.5, 1.0, and 0.5 m / s. The Reynolds number based on the hydraulic diameter of the test section and the bulk velocity was 50000 ͑or 10000 based on the velocity difference between streams and the jet exit dimension͒. The fluorescent dye Rhodamine 6G was used as a passive scalar. The Schmidt number of Rhodamine 6G in water is 1250. 21 In the center stream, the source concentration ͑ 0 ͒ of Rhodamine 6G was 45 g / l, while the other two streams were tap water.
A combined particle image velocimetry ͑PIV͒ and planar laser-induced fluorescence ͑PLIF͒ system as shown in Fig. 2 was employed to simultaneously measure the instantaneous velocity and concentration fields. Illumination was provided by a double-pulsed Nd:YAG laser that emits two independent 532 nm light pulses. A time delay between the two laser pulses of 600 s was used for the PIV measurements. The laser light sheet passes through the test section at the centerline in the z direction with a thickness of about 0.5 mm. The spatial resolution of the PIV measurements was 0.9 mm in both the x and y directions, or between 7.8 and 11.3 in terms of the Kolmogorov scale ͑͒ at different downstream measurement locations. The experimental uncertainty of the PIV measurements 22 was ±1.6% for the center stream and ±3.2% for the outer streams. The in-plane spatial resolution of the PLIF measurements in the present study was limited by the flow area imaged per pixel, which was approximately 56 m. Obviously the measurements cannot adequately resolve the smallest scales of the flow. However, because the primary interest in this study is in the determination of firstand second-order flow statistics such as the mean and fluctuations of the velocity and scalar ͑which are integral-scale 
III. RESULTS AND DISCUSSION
In this section, we present experimental data for various transverse positions at each observed downstream locations. These transverse positions are given in terms of "␦," which is defined as the distance between the centerline of the confined jet and the left peak in the transverse profile of the scalar variance, such that the left peak in the scalar variance profile appears at y =−␦.
A. Probability densities
As introduced in Sec. I, the probability density of the conserved scalar is an important quantity in CMC and PDF 
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Conditional statistics for passive-scalar mixing Phys. Fluids 19, 055104 ͑2007͒ models. Figure 6 shows the experimentally measured PDFs of the conserved scalar at different transverse positions for two downstream locations. The scalar data are divided into 20 bins between 0 and 1. The lines in the plots are the corresponding beta-PDFs given by
where the parameters a and b are determined from the mean and variance,
and ⌫ is the gamma function. It is seen that for all locations, the beta-PDF predicts the experimental data remarkably well. Note the relationship between the joint velocity-scalar PDF and the marginal PDF of the scalar is
therefore given that P ͑͒ is described with a beta-PDF, the joint velocity-scalar PDF P u i ͑u i , ͒ cannot be joint Gaussian in the present study. At x / d =1, P for y =0 or y =−3␦ / 2 approximates a delta function, indicating that the probability of a fluid parcel being transferred between streams without mixing is very low at this location. For transverse positions near y =−␦, although still skewed, the shapes of the PDF are more bell-shaped than those of positions far from y =−␦. At x / d = 30, the PDFs for all transverse positions become nearly bell-shaped and tend to collapse, showing that the beta-PDF evolves to a FIG. 4 . Normalized concentration mean and variance at different streamwise locations. ,
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Gaussian distribution when the rms of the conserved scalar is relatively small, which is consistent with the results from reported DNS studies.
17,18
B. Conditional mean velocities
As is well known, when two variables, A and B, are weakly correlated or uncorrelated, the conditional mean is equal to the unconditional mean. However, when ͗A ͉ B͘ = ͗A͘, ͗B ͉ A͘ could still have a strong dependence on A. If the PDF is joint Gaussian, the conditional means, ͗A ͉ B͘ and ͗B ͉ A͘, are linear in the conditioning variable. Thus, deviations from linearity can be interpreted as deviations from joint Gaussian behavior.
The scatter plots of normalized velocity fluctuations at various locations are shown in Fig. 7 . It is apparent that the distribution of the scatter is not joint Gaussian at any of these locations. At locations with y =0, ͗u ͉ v͘ is symmetric about v = 0, and ͗v ͉ u͘ is near zero, which is expected considering the symmetry of the flow. The result at x / d = 1.0 is an exception, which is probably because this location is in the potential core of the center stream where both the velocity fluctuations and the local velocity rms are close to zero; the profile of the velocity may look noisy after being normalized by the local velocity rms. For locations at y =−␦, both ͗u ͉ v͘ and ͗v ͉ u͘ are nonzero and unsymmetric about u =0 or v =0. However, at the farthest observed location ͑x / d =30͒, the conditional mean velocities approach linearity.
Figures 8 and 9 are scatter plots of scalar and velocity fluctuations ͑normalized by the local velocity rms͒ at y =0 and y =−␦ for three downstream locations, respectively. Again, the distribution of the scatter is not joint Gaussian at any location ͑except perhaps x / d =30͒. At y = 0, the data concentrate in a narrow range of the scalar around the local scalar mean, although this range becomes wider as the observed location moves downstream, consistent with the fact that the scalar PDF at the jet center evolves from a delta function toward a skewed Gaussian distribution. As expected, the data are scattered about the mean scalar at y =−␦, where the maximum of the scalar variance appears. However, as the maximum of the variance at x / d =30 is smaller than at upstream locations, the distribution of the data becomes relatively more concentrated around the local scalar mean.
The mean velocity fluctuations ͑normalized by the local velocity rms͒ conditioned on the conserved scalar and the mean scalar conditioned on velocity fluctuations are also displayed in Figs. 8 and 9 . The scalar is divided into 20 bins between 0 and 1, whereas the velocity fluctuations are divided into 21 bins between ±3 rms of velocity fluctuation. For positions within the potential core of the center stream ͑such as x / d = 1.0 and y =0͒, both the streamwise and the transverse conditional velocity fluctuations are zero. Also, the mean transverse conditional velocity at y = 0 is always near zero due to the symmetry of the flow, although nonzero values are observed in some scalar ranges because of the small sample size. At other positions, the streamwise conditional velocity fluctuation increases as the scalar increases; whereas the transverse conditional velocity fluctuation decreases as the scalar increases. Moreover, note that the streamwise velocity fluctuation is positive where the scalar is greater than the local mean scalar, but negative where the scalar is less than the local mean scalar, such that the ͗uЈ͘ flux is positive at all observed positions as shown in Fig. 5 . Similarly, the transverse velocity fluctuation is positive for smaller scalar but negative for larger scalar, resulting in a negative ͗vЈ͘ flux at all observed positions. 
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In observing Figs. 8 and 9, it is seen that for downstream locations at y = 0, the profile of the scalar conditioned on the transverse velocity is a concave curve such that the conditional scalar reaches its maximum when the velocity fluctuation is zero but decreases as the magnitude of the velocity fluctuation increases. This is expected because the scalar mean at the jet center is always the highest at each downstream location in this study, and fluid parcels being transferred from side streams to the jet center ͑thus with nonzero transverse velocity fluctuation͒ bring smaller . For other locations, the conditional scalar holds a nearly linear relationship with the velocity fluctuations. Apparently, ͗ ͉ u͘ in- 
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Conditional statistics for passive-scalar mixing Phys. Fluids 19, 055104 ͑2007͒ played in Figs. 10 and 11 . Notice that the linear model gives reasonable approximations to the experimental data at most of the measurement locations. At each observed position, the agreement is good within a range of ±͉ − ͉͗͘ / rms . However, for some far from the ͗͘, the model poorly predicts the velocity, which is also reported in Li and Bilger 11 and de Bruyn Kops and Mortensen 19 ͑although only the transverse conditional mean velocity was tested in these studies͒. Also note that the range of ±͉ − ͉͗͘ / rms in which a linear relationship holds continuously increases and becomes largest at x / d = 30, implying a nearly Gaussian joint PDF at this location. Moreover, the data for some positions are not distributed symmetrically about the local mean scalar, as the profile of the scalar PDF is skewed at these positions. Observing Figs. 10 and 11, it is noticed that the conditional transverse velocity in comparison with the conditional streamwise velocity shows more deviation from the linear approximation. This may be due to the fact that the linear relationship holds in a wider range of mixture fraction when the mean mixturefraction profile is close to a straight line. 11 In our study, the 
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Conditional statistics for passive-scalar mixing Phys. Fluids 19, 055104 ͑2007͒ mean mixture-fraction gradient in the streamwise direction is so small that the mean mixture fraction can be considered linearly correlated to x in a relatively wide range of x, whereas the cross-stream profile of the mean mixture fraction is strongly nonlinear. Therefore, the data of conditional streamwise velocity collapse better to the linear approximation than do the data of transverse velocity. The conditional mean streamwise velocity as predicted FIG. 11 . The conditional mean transverse velocity from the experimental data at various positions normalized according to Eq. ͑1͒. Symbols are the same as in Fig. 6 .
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by the gradient PDF model is compared with the experimental data in Fig. 12 . Since the beta-PDF accurately describes the scalar PDF in the present study, the results from Eq. ͑4͒ are used to compute the velocity with the gradient PDF model. The gradient of the PDF is evaluated with the slope given by the linear fit of the PDFs at 21 adjacent points ͑the step width is 56 m as mentioned in Sec. II͒. The turbulent diffusivity is evaluated using
As seen in Fig. 12 , the results of the linear model agree well with the experimental data; however, it is apparent that the gradient PDF model leads to a very poor prediction of the streamwise conditional mean velocity fluctuation. The predicted velocity fluctuation is almost always zero for all transverse positions. The large discrepancy between the experimental data and the predicted streamwise velocity from the gradient model can be explained by noting that the streamwise mean scalar gradient in this flow is very small, resulting in a near-zero streamwise gradient of the PDF. In observing Eq. ͑2͒, a near-zero conditional velocity fluctuation is expected when given a small PDF gradient. Also, when the small PDF gradient is divided by small PDF values, the predicted velocity becomes nonzero.
On the other hand, the scalar turbulent diffusivity used in Eq. ͑2͒ may also cause errors. Tavoularis and Corrsin   12 claimed that a simple scalar diffusivity coefficient is inadequate to represent the behavior of the turbulent flux. In this study, two components of the turbulent diffusivity tensor have been evaluated using the gradient-transport hypothesis proposed by Batchelor,
where D 22 is the so-called turbulent diffusivity, 12 i.e., D T . The ratio of D 12 / D 22 has been found to be a constant around −2 in the high shear regions of the flow, consistent with Tavoularis and Corrsin. 12 Replacing the scalar D T in Eq. ͑2͒ by a tensor D, as
then the conditional velocities are given by
Note that the streamwise gradient of PDF in this study is near zero, and the above two equations may be simplified such that
Using the results of D 12 and D 22 from Eqs. ͑8͒ and ͑9͒, the conditional mean velocity fluctuations as predicted by Eqs. ͑13͒ and ͑14͒ are compared with the experimental data in Figs. 13 and 14 , respectively ͑refer to Feng 25 for results at more locations͒. As seen in Fig. 13 , the results of the predicted streamwise velocity have been improved remarkably and agree well with the experimental data. As Fig. 14 shows, the gradient PDF model predicts the transverse conditional 
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Conditional statistics for passive-scalar mixing Phys. Fluids 19, 055104 ͑2007͒ mean velocity very well except at low probability densities. The discrepancy for low probability densities has been previously reported in DNS studies and considered not important, since the events occurring at low probability densities have little effect on overall mixing. 19, 26 To test the model proposed by Li and Bilger, 11 we rewrite Eq. ͑3͒ as in de Bruyn Kops and Mortensen, 19 such that
where the right-hand side is a function of only. Figure 15 shows the conditional mean transverse velocity from the experimental data normalized in accordance with Eq. ͑15͒. It is seen that the Li and Bilger model approximates the experimental data quite well, as almost all data collapse to an inverse error function. However, unlike in Li and Bilger, 11 ␣ depends on the downstream location in this flow and decreases from 3.0 to 0.85 as x increases. Considering the effects of the mean shear and the confinement of our jet flow, this is not surprising in that the Li and Bilger model was meant to be applied to scalar mixing layers. Also notice that the data near = 0 or 1 do not collapse well at some downstream locations, which might be mainly due to the smallsample error ͑unlike in a free mixing layer, the probability of observing an event of Ϸ 0 or 1 is very low at downstream locations in our confined jet flow͒. Indeed, no such events are observed at x / d = 30.
C. Scalar mean conditioned on velocities
The scalar mean conditioned on velocity, ͗ ͉ U i ͘, is often of interest when developing models based on the interaction by exchange with the conditional mean ͑IECM͒ micromixing approach. It has been found that the ͗ ͉ U i ͘ is linearly related with U i in turbulent flows that exhibit a nearly Gaussian composition PDF. 27 A few models [26] [27] [28] have been proposed for modeling the conditional mean scalar. However, since terms in some of these models cannot be directly evaluated with the current set of experimental data, here we only test the linear model proposed by Pope 28 for homogeneous isotropic turbulence with an imposed uniform mean scalar gradient. Note that the model of Pope 28 is only for predicting the mean scalar conditioned on the velocity component in the direction of the mean scalar gradient. Here 
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where U i is the component of the velocity U. Figures 16 and 17 show the fluctuating scalar conditioned on velocities from the experimental data normalized in accordance with Eq. ͑16͒. Again, only data at positions where the local turbulent fluxes are greater than 0.001 ͑refer to Fig. 5͒ are presented in these plots. At lower downstream locations, a sizable difference is observed between the normalized experimental data and the linear relationship. This is not surprising, as the strong non-Gaussian scalar PDF may invalidate the linear form of ͗Ј ͉ U i ͘ according to the argument in Fox. 27 As the PDF evolves toward Gaussian at farther downstream locations, the linear model results in better approximations of the experimental results within a range of velocity fluctuations. Apparently, the range in which the linear relationship holds becomes wider as the measurement location moves downstream.
IV. CONCLUSIONS
The conditional statistics of the velocity and scalar fields have been calculated from experimental data taken in a confined liquid-phase rectangular jet using a combined PIV and PLIF system. It was noticed that the PDF of the conserved scalar was accurately described by the beta-PDF at each of the observed positions, and consequently, the joint velocityscalar PDF was not jointly Gaussian. The conditional mean velocity was found to agree with a linear model when the 
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scalar is close to the local mean value. As the PDF of the scalar becomes more Gaussian at the farther downstream locations, this linearity holds for a larger range of ͉ − ͉͗͘ / rms . It was found that the gradient PDF model gave poor predictions for the streamwise conditional velocity, as the streamwise gradient of PDF was very small in this flow. By replacing the scalar turbulent diffusivity by a tensor, the gradient PDF model was improved so that both the predicted streamwise and transverse conditional velocities agreed well with the experimental data. The Li and Bilger model for the FIG. 16 . The fluctuating scalar conditioned on the streamwise velocity at various positions normalized according to Eq. ͑16͒. Symbols are the same as in Fig. 6 .
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conditional transverse velocity was also tested against the experimental data. The agreement was good, however the model constant was found to depend on the downstream location. Finally, the scalar fluctuations conditioned on velocity were presented and analyzed against a linear model, showing that the linear model only obtained good approximations of the experimental data when the joint velocityscalar PDF approached a joint Gaussian. 
